I. INTRODUCTION
High energy scattering processes, e.g. unpolarized and polarized deep inelastic scattering, provide an efficient tool to investigate the internal structure of nucleons. Particularly interesting is the study of the role that elementary constituents play in accounting for the total spin of the proton: a joint theoretical and experimental effort is required to gain complete knowledge and understanding of quark and gluon contributions to the spin structure of hadrons, in high energy processes.
At leading order in 1/Q, the cross section for a hard process aϩb˜cϩd is given by the convolution of a ''hard part,'' which describes the scattering among elementary constituents and can be calculated perturbatively in the framework of QCD, and a ''soft'' part, that accounts for the processes in which either quarks are produced from the initial hadrons or final hadrons are produced from quarks resulting from the hard elementary scattering. Distribution functions belong to the first class of soft parts whereas fragmentation functions belong to the second class.
The most well-known distribution function, which we will indicate by f 1 a (x), is the number density of quarks with flavor a carrying a momentum fraction x in an unpolarized proton; analogously, the fragmentation function D 1 a (z h ) gives the density number of hadrons h with momentum fraction z h , resulting from the fragmentation of a quark of flavor a. When we consider polarized processes the number of distribution and fragmentation functions increases considerably. More specifically, we take into account the possibility of either extracting unpolarized quarks from polarized hadrons, or creating unpolarized or spinless hadrons from polarized quarks.
To distinguish among the various processes, we employ the following conventions ͑first introduced in Ref. ͓1͔ and later generalized in Ref. ͓2͔͒: f and D apply to nonpolarized quarks in the proton or in the hadron respectively; g and G apply to longitudinally polarized quarks; h and H apply to transversely polarized quarks; the subscripts L and T refer to the longitudinal and transverse polarization of the target or produced ͑spin 1/2͒ hadron; a subscript 1 indicates ''leading order'' ͑we will not deal with subleading functions here͒.
In several polarized distribution and fragmentation functions, the intrinsic transverse momenta of quarks play an important role. In that case a superscript Ќ is used to signal such a dependence on k T , while a superscript (1) indicates that a function is integrated over k T , after a weighting with k T 2 /2M 2 , see for example Eqs. ͑30͒,͑51͒. Figures 1 and 2 give a pictorial representation of these functions, and illustrate how the principles stated above are applied. The distribution function f 1 a is the probability of finding an unpolarized quark a into an unpolarized proton; this is a very well known object, usually determined by fits on unpolarized deep inelastic scattering ͑DIS͒ experimental data. The distribution functions g 1L a and g 1T a are proportional to the probability of finding a quark with longitudinal polarization either in a longitudinally or in a transversely polarized proton, whereas h 1T a is proportional to the probability to find a transversely polarized quark a in a transversely polarized hadron. In a completely analogous way, the fragmentation function D 1 a is the probability of an unpolarized quark a to fragment into an unpolarized hadron, whereas G 1L a , G 1T a , H 1T a take into account the probability of either longitudinally or transversely polarized quarks fragmenting into longitudinally or transversely polarized hadrons respectively. In addition, we have distribution and fragmentation functions which are directly proportional to the intrinsic transverse momentum of the quarks inside the hadron; their contribution would then be zero in the approximation of zero intrinsic momentum. As shown in Figs. 1 
and 2, h 1L
Ќa and h 1T Ќa give the probability of a transversely polarized quark a to be found in a longitudinally or transversely polarized proton. Similarly, for fragmentation functions, we have H 1L
Ќ and H 1T Ќ .
The distribution functions f 1T Ќa (x) and h 1 Ќa (x), and the analogous fragmentation functions D 1T Ќ (z) and H 1 Ќ (z) are particularly ''delicate'' and controversial objects. In fact, as it was extensively discussed in Ref. ͓3͔, those are T-odd functions ͑i.e., they are not constrained by time reversal invariance͒. This non-applicability of time reversal symmetry is straightforwardly understood in the case of fragmentation functions, since the produced hadron can interact with the remnants of the fragmenting quark ͓4͔. Thus, a non-zero H 1 Ќ (z) allows for processes in which transversely polarized quarks fragment into unpolarized hadron ͑see picture in Fig.  2͒ . Notice that, as it was pointed out in Refs. ͓5͔ and ͓6͔ a more accurate knowledge of these functions would give a unique chance to do spin physics with unpolarized or spin zero hadrons.
In the case of the distribution functions, the nonapplication of time reversal symmetry can still be accepted, due to soft initial state interactions ͓7͔ ͑it is, in fact, reasonable to believe that, in processes in which two hadrons are in the initial state, debris from the ''distribution'' process may soft-interact, mutually and with the quark which will be involved in the hard scattering͒ or, possibly, as a consequence of chiral symmetry breaking, as suggested in Ref. ͓8͔. Furthermore, they can also arise effectively from higher order processes where soft gluons may produce so-called gluonic poles ͓9͔ . All in all, the f 1T Ќa (x) function being non-zero allows for processes in which unpolarized quarks are produced from a polarized proton ͑see picture in Fig. 1͒ The second input we use is from Ref. ͓3͔, where the authors explain how the T-odd fragmentation and distribution functions can be incorporated in their formalism and suggest the use of some weighted integrals to get more information about them from measurements of specific angles ( h l and S l in this particular case, which are the angle between the lepton scattering plane and the produced hadron plane, and the angle between the lepton scattering plane and the nucleon spin, respectively͒.
In Sec. II we give a description of the formalism and notations and we analyze the relations between the correlators in the spin and helicity basis. We then discuss the connections between the distribution and fragmentation functions evaluated in Refs. ͓7,10,11͔ and those presented in Ref.
͓3͔. In Sec. III the shape of some weighted integrals is shown as a function of x and z h in three-dimensional plots; they illustrate how time-reversal odd functions appear in some experimentally accessible observables. In the last section we estimate the ratios H 1 Ќ /D 1 and f 1T Ќ / f 1 and compare them with existing experimental data. In the concluding paragraph we will discuss the future perspectives and the experimental work that we recommend for a better and deeper understanding of these functions, and the interesting physics still hidden inside them.
II. QUARK CORRELATION FUNCTIONS

A. Definitions for distribution functions
The quark distribution functions alluded to in the Introduction appear in the parametrization of the light front correlation function ͓15͔
which depends on the lightcone fraction of the quark momentum, xϭk ϩ / P ϩ and the transverse momentum compo- nent k T . For this purpose we use lightlike vectors n Ϯ , satisfying n ϩ •n Ϫ ϭ1 and defining the lightcone coordinates a Ϯ ϭa•n ϯ . The lightlike vectors are defined by the hadron momentum, Pϵ P ϩ n ϩ ϩ(M 2 /2P ϩ )n Ϫ , where n Ϫ is defined via another vector in the hard scattering process, e.g., the momentum transfer q in inclusive deep inelastic scattering or the ''other'' hadron momentum in pp scattering. The definitions of x and k T are contained in kϵxP ϩ n ϩ ϩk Ϫ n Ϫ ϩk T . Using Lorentz invariance, hermiticity, and parity invariance one finds that the Dirac structure relevant in a calculation up to leading order in 1/Q is given by ͓3͔ ⌽͑x,k T ; P,S ͒ϭ 1
with arguments f 1 ϭ f 1 (x,k T 2 ) etc. Note that the factor 1/2 in Eq. ͑1͒ and the parametrization of Eq. ͑2͒ are chosen to get the proper normalization of the distribution functions, ͐dxd
with M the mass, ϭM S ϩ / P ϩ the lightcone helicity, and S T the transverse spin of the target hadron. In fact, we have S ϵ( P ϩ /M )n ϩ Ϫ(M /2P ϩ )n Ϫ ϩS T and thus in the rest frame Sϭ(0,S T ,). The lightcone helicity, thus, is a convenient quantity which in the target rest frame is just the third component of the spin vector, while in the infinite momentum frame ( P ϩ˜ϱ ) it is proportional to the standard helicity.
B. Correlators in helicity basis
In order to compare with other results we give the link with the helicity formalism, used in Refs. ͓7,11͔. This is achieved by transforming the ⌽ i j matrix elements to the helicity basis with the help of the density matrix , in the target rest frame given by
where ⌳, ⌳Ј are the helicity indices of the proton and S the spin vector used in the above expression. In fact the parametrization using the spin vector S is defined as
Using the rest frame result Sϭ(0,S T ,) one obtains
where one could have used transverse spin differences instead of the off-diagonal helicity matrix elements. One immediately sees that
The Dirac structure of the above matrix elements can be translated into quark chiralities ͑for mass-less quarks, helicities͒ or transverse spin, by using the appropriate Dirac pro-
respectively, in combination with the projector onto the socalled good components, P ϩ ϭ␥ Ϫ ␥ ϩ /2. Explicitly, for ⌽ i j we can relate specific projections Tr(⌽⌫) to transverse spin matrix elements or off-diagonal quark chirality matrix elements ⌽ Ј ͑see Ref. ͓1͔͒,
The Dirac projections applied to the parametrization in Eq. ͑2͒ gives
In the final equation for the transverse spin distributions the combination h 1 is, in fact, h 1 ϭh 1T ϩ(k T 2 /2M 2 )h 1T Ќ because it is this combination which survives after integration over k T . The expressions provide the appropriate interpretation of the distribution functions as illustrated in Fig. 1 .
Combining the nucleon helicities instead of the parametrization with the spin vector and quark chiralities instead of the Dirac structure, one can immediately transform the functions appearing in the projections above into matrix elements ⌽ ⌳;⌳ Ј Ј (x,k T ; P), which we give here for completeness, where is the azimuthal angle of the quark transverse momentum.
C. Explicit evaluation of time-reversal odd distribution functions
From these expressions, one can easily see that the term proportional to f 1T Ќ in the
To be more precise, one finds
which, once integrated over k T , gives
In later applications it will turn out to be useful to consider the (k T 2 /2M 2 ) weighted function
for which we use the estimate 
we obtain for f 1T Ќ(1) the estimate
.
͑35͒
These estimates are shown in Fig. 3 .
D. Definitions and correlators for fragmentation functions
For fragmentation functions one can proceed in an analogous way. The quark fragmentation functions alluded to in the introduction appear in the parametrization of the light front correlation function
They depend on the lightcone fraction of the quark momentum, zϭ P h Ϫ /k Ϫ and the transverse momentum component k T . The ''dominant'' direction is chosen to be the minus direction in this case. For the transverse directions we note that one has
up to an ͑irrelevant͒ plus-component. This shows that we can interpret k T as the quark transverse momentum in a frame where the produced hadron has no transverse component, while we can interpret k T ЈϭϪzk T as the transverse momentum of the produced hadron in a frame where the fragmenting quark has no transverse momentum. Just as for the distribution functions, the full Dirac structure relevant for fragmentations has been given in Ref.
͓3͔.
We limit ourselves to fragmentation into spin 0 ͑or unpolarized͒ hadrons is given. Up to leading order in 1/Q the result is
where M h is the mass of the produced hadron, and the arguments of D 1 and H 1 Ќ are z and k T Ј 2 . The normalization is fixed via the momentum sum rule ͚ h ͐dzd
For the interpretation in terms of quark chiralities one needs to consider the Dirac projections
͑42͒
For the production of unpolarized hadrons, we obtain from Eq. ͑38͒
͑45͒
Explicitly,
from Eq. ͑31͒.
E. Explicit evaluation of time-reversal odd fragmentation functions
The fragmentation function H 1 Ќ describes the production of unpolarized hadrons, e.g. pseudoscalar mesons, from transversely polarized quarks. It is related to the function
͓11͔ which is used to describe the left-right asymmetry in p ↑ p˜X. The precise equivalence is
where is the relative azimuthal angle of the outgoing hadron momentum. This equation, once integrated over the intrinsic transverse momentum, gives
In later applications we will use
for which we use the estimate
We now make use of the results of Ref. and of a fit to the LEP data ͓17͔,
where M ref ϭ1 GeV. Taking into account that the H 1 Ќ(1) (z) is scaled to the mass of the produced hadron, a pion in this specific case, we get
This is the result for the favored fragmentation functions for which we have imposed isospin symmetry
In Fig. 4 we show the function H 1 Ќ(1) fav (z). Notice that the T-odd distribution function f 1T Ќ(1) (x), reaches its maximum for relatively small values of x, whereas the fragmentation function H 1 Ќ(1) (z) has a maximum for a large value of z. In order to make estimates for leptoproduction cross sections we also need an estimate for the polarized distribution functions h 1 (x). As in Ref. ͓11͔ we assume
Here the polarization factors P
, and they will be taken from SU͑6͒ flavor symmetry estimates
The unpolarized distribution functions f 1 u (x) and D 1 (z h ) are available in various styles and versions in the literature. We choose the MRSG ͓18͔ set for f 1 u (x) and the LO Binnewies et al. set ͓19͔ for D 1 (z h ).
III. EVALUATION OF WEIGHTED INTEGRALS
We now have all the ingredients to calculate the weighted integrals proposed in Ref. ͓3͔ . Following the notations introduced therein, we will focus our attention on three of such objects:
͑1͒ First of all we will consider, as a term of reference, the cross section corresponding to a fully unpolarized DIS process, which is simply obtained by contracting the lepton tensor with the hadronic tensor ͓see Eq. ͑16͒ in Ref. ͓3͔͔. Then we find the well known formula
where yϭQ 2 /sx and x is the Bjorken variable. Here we applied the definition of weighted integrals given in Ref. ͑2͒ If we consider Wϭ(Q T /M )sin( h l Ϫ S l ) in a scattering process with ABCϭOTO, i.e. when an unpolarized beam hits a polarized proton target, we can single out a quantity which is directly proportional to our T-odd distribution function, or more precisely to its first moment, as given in Eq. ͑31͒ ͑see also Table II, Fig. 6 . By comparing this weighted integral to the fully unpolarized cross section, shown in Fig. 5 , we see that this time the shape of the surface as a function of x and z h has changed, since it becomes sizeable for very small values of z h and intermediate values of x. Notice also that the overall size of the function is considerably suppressed ͑by roughly two orders of magnitude͒ by the ͗k T ͘ 2 factor. Therefore, it is clear that the effects due to the presence of the T-odd distribution function f 1T Ќ (x) are small, but a suitably designed experiment may put limits on their existence, or might establish their mere existence. This would be a crucial test for the presence of T-odd distribution functions and provide a deeper understanding of these phenomena.
͑3͒ Finally, if we choose the weight Wϭ(Q T /M ) sin( h l ϩ S l ), we obtain an object which is directly proportional to the T-odd fragmentation function H 1 Ќ(1) ͑see Table II, 
͑63͒
As it clearly appears from the plot in Fig. 7 
H 1
Ќa /D 1 a . We stress that none of the above estimates takes into account effects of evolution. Furthermore, just comparing integrated results neglects not only several kinematics factors, which we did show in Sec. III, but also forgets about experimental considerations such as azimuthal acceptances, etc.
V. CONCLUSIONS
In this paper we have presented results for some observables in lepton-proton scattering that provide information on time reversal odd distribution and fragmentation functions.
Far from being precise predictions, our results give rough estimates based on experimental data from p ↑ p single spin asymmetries and on some theoretical prejudice as far as unknown functions are concerned. For the two extreme possibilities, we have indicated the kinematical regions in which these rather exotic spin effects are sizeable and we have given their overall size and their relations to measurable angles ( S l and h l ). Moreover, we find the ratio between odd and standard distribution and fragmentation functions to be of the order of a few percent. Thus, if these functions do exist, their presence could be experimentally detected.
Experimental input is now needed to deepen our knowledge on spin effects in high energy scattering processes. Once again we want to stress that only a joint effort of cooperation between theoretical modeling and experimental measurements will allow us to learn more about these soft functions, distributions and fragmentations, which in turn will teach us about the non-perturbative phenomena leading to particular correlations between quark spins and transverse momenta or phenomena occurring in the hadronization process.
